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Answer any three and each question carries 10 Marks

1. (i)Let f(z) =
∑∞

n=0 an(z − a)n have radius of convergence R. Prove that f is
holomorphic and f ′(z) =

∑∞
n=0 nan(z − a)n−1 has radius of convergence R.

(ii) Determine all analytic functions f such that f is also analytic (Marks: 3).

(iii) Determine all analytic functions f such that Re(z)f(z) is also analytic
(Marks: 2).

2. (i) Determine the region in which the following function is defined and holo-
morphic

f(z) =

∫ 1

0

1

1 + tz
dt. (Marks : 5 )

(ii) For any closed path γ and z 6∈ C \ γ∗, prove that 1
2πi

∫
γ

dζ
ζ−z is an integer.

3. Let φ ∈ H(Ω) and φ′(z0) 6= 0 for some z0 ∈ Ω.

(i) Prove that φ has a holomorphic inverse in a neighbourhood of z0.

(ii) If g = f � φ and f has a zero of order m at φ(z0), prove that g has a zero
at z0 of order m (Marks: 4).

4. (i) Let Pr(t) be the Poisson kernel. Prove that Pr(θ − t) = Re( e
it+z
eit−z ) where

z = reiθ,
∫ π
−π Pr(t)dt = 2π, Pr(t) > 0 and Pr(δ) → 0 uniformly in δ ∈ [t, π] as

r → 1 for any t > 0 (Marks: 7).

(ii) Determine all harmonic functions u such that u2 is harmonic.

5. (i) Prove that a harmonic function that is zero on T is zero on U also (DO NOT
USE any result) (Marks: 5).

(ii) Let (un) be a sequence of positive harmonic functions on a region Ω. Suppose
un(z0)→ 0 for some z0 ∈ Ω. Describe the behaviour of (un) in the rest of Ω.
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